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SUMMARY

The parabolic equation is a full-wave approximation to the Helimholtz wave equation that,
unlike existing ray tracing and coupled mode techniques, readily accommodates
two~dimensionally inhomogencous atmospheres. This report discusses the implementation
of a split-step Fourier Transform solution to the parabolic equation and includes examples
of coverage diagrams calculated by this method.
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GLOSSARY OF METEOROLOGICAL TERMS

Advection Horizontal movement of an air mass mainly caused by wind
movement around high or low pressure systems, Super-refraction
due to advection occurs primarily oa over-sea paths as an air mass
that has become warm and dry over land is carried out to sea
where it overlics a layer of cool moist air, cstablishing both a
temperature inversion and an increased humidity lapsc rate in the
boundary region. The cffect can operate in reverse as when cool
moist air flows from the sea onto warm dry land.

Coastal Front Boundary region formed between warm dry air stream above a
cool stream caused whea air heated over the land surface rises and
is replaced by cooler, denser air from the sca so that both a sca
breeze near the surface and a strong off-shore movement of dry air
is created. Generally exiending cbove 100 km, coastal frouts are
common along the western, southern and eastern Australian
coasts.

Noxturnal Cooling Effect common in clear-sky conditions over land paths resulting
from a temperaturc inversicn created when air near the ground is
cooled considerably whilst the warmer upper air (heated via solar
radiation during the day} remains warm. Cloud cover reflects
radiaiion back to thc ground, thercby avoiding such cooling.

: Nocturnal cooling does not occur over sea paths as diurnal ocean
' temperatures do not vary by much.

Subsidence Effcet due to an air mass which descends and hence is compressed
and heated adiabatically. The descending air is very dry since it
originated at a high altitude and so an increased humidity lapsc
and possibly a temperature inversion occurs.  Subsidence
inversions are more frequent and occur at «-ver altitudes in winter
than in summer.

J v UNCLASSIFIED v




ERLOS3t.AR UNCLASSIFIED }

vi UNCLASSIFIED




x
Pl

ERL-0531-RR

ODE

LIST OF ABBREVIATIONS

Internaticnal Radio Cunsultative Committce
Electronics Rescarch Laboratory

Fast Fourier Transform

Integrated Refractive Effects Prediction System
Ordinary Differeatial Equation

Very High Frequency

UNCLASSIFIED




UNCLASSIFIED

ERL-0S31-RR

— — e e e e e

UNCLASSIFIED




UNCLASSIFIED ERL-0531-RR

- 1 INTRODUCTION

¥

Under the influence of synoptic processes such as advection, subsidence, coastal froats, or aocturnal
cooling, stratification of the troposphere i the form of refractivity layering can occur. If the resylting
refraction of propagaling clectramsagnetic waves is sufficiently great to cause a ray curvatwie that
excaeds the curvature of the carth’s saxface, then the propagating wave can be channclicd in a duct.
At VHF and bigher frequeacics, snface and clevated tropospberic ducis can cause extended
propagation well beyond the radic horizon with little attenuation relative to free space. The received
radic signals can thcm be markedly strouger (or weaker) than would be cxpecied for a standard )
atmosphere. The anomalous propagation of caergy via a duct can thereby lead to the volatile  *
problem of inter-system interference, whilst radar detection ranges can be enhanced for targets )
located within the duct. However, ducis can also decrease radio (radar) opcrational ranges by

causing "holes” in signal coverage if a recciver (target) s located outside the duct. Reliable prediction -
of such anomalous propagation cffects can therefore enhance the cffective deployment of
communications, survcillance and clectronic warfare systems. -

Propagation prediction models tend to fall into two categories: thase methods based on optical ray ~
tracing techniques; and those relying oa mode theory, Akbough qualitative predictions can be made e
using ray theory, problems associated with the focusing of rays and ideatification of ray families
render these methods unsuitable for modelling diffraction effects in non-standard atmospheres.
Mode theory, which involves a full-wave solution 1o Maxwell's cquations, can be applicd to ducting
problems but becomes intractable when complex reiractive structures are involved. Computing cost
tends to limit convergent solutions for modal analysis to < ple refractive structures. Neither of thesé ™ ~ -
methods, nor existing hybrid combinations of these, can be readily applied to the two-dimensionally
inhomogencous atmospheres of range-dependent problems.

Since the wave equations governing realistic physical represcntation of the troposphere permit a
closed form solution only in very simple cases, appioXimations to these equations have been
introduced that, with the availability of modern nume:ca! lechniques and fast computers, facilitate
solution of complicated propagation problems. Th:s re;on demonstrates the application of an
altcrnative full-wave model that is based upon such an approximatioa to the wave equation and can
be applied to complicated range-dependent tropospheric propagation problems. The parabolic
cquation was first obtained for propagation over a spberical carth in a vertically inhomogencous,
horizontally homogeneous atmosphere by (Leontovich and Fock, 1946) and has been extended by
(Ko et al, 1984) for the case of a two-dimcnsionally inhomogencous atmosphere to give a parabolic
partial differeniial cquation for the ficld amplitude. The modcl presented in this report uses a split
step Fourier transform technique which takes advantage of the computational speed of the Fast

LINCLASSIFIED 1
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Fourier Transform alg .om and is numerically stable. This solition method was developed in the
underwatcr acoustis arena by (Hardia and Tappe-t, 1973) (o0 solve a parabolic equation of identical
form to the parabolic cquatioa for tropospheric propagation. The wse of this techaiqus affords a full-
wave solution without the large computational overheads of previons full-wave methods. |t is this
propenty of the method which makes i most attractive,

This r~port begins with a brief description of ihe wave cquation governing two-dimcasionai
tropospheric propagation and indicates how propagation problems can be represcated by a partial
diffcrential equation v.ith complex coefficients.  After a discussion of the applicabitity of existing
prediction techniques for ducting eaviroamenls, & is shown bow the ropoipheric wave cquation
redices to a parabolic equatios that facilitates ready solntion. This approximation to the wave
equation has the significant advantage that it itvites “marching” type solutions since the partial
differents:1 cquation is now orly fir.v order in range.

The third section, "Split step Fourier Solution”, is devoted to a description of the solution method
chase= 1o evaluate the parabolic cquatioa of section 2. The split step solution is a “marching” type
solution since the solution can be evaluated at range x+6x (§x is sufficicntly smalt) by using the
cvaiuated solution sl range x x5 an initial value for calculations. Providiag that appropriate boundary
conditions are satisficd the solation can in this way be sicpped out 10 the required range. The entire
range- and height-dependent ficld is calouiated as the solution is marched forward ia this manner.
The solution involves the discretisation of the clectromagnetic fickd with respect to height at each
range step and the use of the Fast Fourier Transform. In this secion, solution stability is considercd
and an indication of the errors inberem in the technique is also gives.

Since a marching solotion can be applicd to the parabolic ¢quation, a maximum range boundary
condition nced not be specificd, thus simplifying computation. Tropospheric propagation problems
can therefore be specified as iniial boundary value problems on an open domain.  Section 4 deals
with the specification of this initial starting ficld and of the surface and maximum akitude boundary
conditions. There arc bowever some signal processing aspeats of implementation that need to be
addressed, and included in this section is a discussion of these. The following section contains an
analysis of solution scasitivity to perturbations in initial ficld and to small-scale discontinuitics in
refractive index profiles.

Within a simplificd ray tracing cootext. section 6 illastrates the cffects that variations in refractive
structures have upou tropospheric propagation. The main purpose of this section is to introduce the
categorics of ducting profiles that are modelled im section 7.
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The report concludes with representative examplcs of coverage diagrams gencrated using the split
stcp solution to the parabolic wave cquation. These diagrams arc ins.ructive as examples which
illusirate the complicated nature of coverage palteras resulting from common refractive index
structures. They were generated on a COMPAQ 386/20c personal computer with an Eighteen Eight
Labs fast paralle]l processing board.  The program usced to generate the diagrams in this report is
currently under development in Communications Division, Electronics Rescarch Laboratory (ERL)
at Defence Scicoce and Technology Organisation. It accepts eovironmental data for the propagation
paths of interest in the form of refractivity profiles (specified cither analytically or by measurtment
data) and generaics two-dimensional Heighi-Range colourcd intcasity plots for the area of maximum
beight and range specified by the operator. The program has also been used to geoerate two-way
path loss diagrams for radar applications (Stingsby, 1990).

In addition to the large computational saving over other full-wave methods, a major advantage of the
parabolic equation technique outlined in this report is that it affords progressive calculatior of the
propagated field from onc range location to the ncxt. Hence the ERL developmental software has
potential application as an interactive rescarch tool by which an operator would be able to create
desired propagation patterns through intcractive manipulation of the input environmental
paranseters. This is an advantage which other applicable techniques that have been developed to date
do not have, For those, the enviroomental input information aecds to be defined before computation
commences. Thus given a means of remotely sensing the atmospheric refractivity data, the ERL
developmental software could be adapted to provide a real-time apdating display illustrating the
effects of the transicnt weather conditions on signal propagation.

2 TROPOSPHERIC WAVE PROPAGATION PROBLEMS

This section formulates the tropospheric wave propagation problem and, afier a brie! discussion of
prediction techniques currently available for modelling ducting effects, introduces tlie parabolic
approximation to the elliptic wave cquation. Coasideration of the significance of this ap proximation
for wopospheric propagation problems indicates that for realistic ducting envir nments the
assumptions inheremt in this parabolic approximation are valid. Whereas i1 usuai numeri -a! schemes
the elliptic wave equation requires solution of a large systcm of simultancous equation: [n a large
number of unknowns with boundary conditions being specified on a closed domain, the p.rabolic
cquation can instead be solved by a 'marching’ technique on an open domain; so num..rical solution

is casier to compute.

UNCLASSIFIED

[~




ERL-0531-RR UNCLASSIFIED

21

Governing wave equation

The Helmboltz wave cquation for the clectric or magnetic ficld, #, of an isotropic time-
barmonic point source is given by

e+ E® =0 ®n

where V' is the Laplacan operator, k=2r/) is the frec space wavenumber and
n=/{€-1)/We , is the index of refraction, with € o denoting free spacc permittivity and €, ©
representing the absolute permittivity and conductivity respectively of the propagating

medium,

In order to examine the spherical spreading behaviour from 2 point soarce of clectromagpetic
waves along a spherical earth it is convenient to adopt the spherical coordinate system (r@ )
with the origin at the centre of the earth and with the polar axis drawn through the source
(® =0 at the source). The first assumption to be made in this study is that of azimuthal
symmetry. This is introduced for two reasons; firstly, it is rare that syfficient environmental
information is available to warrant the computational overhead for a full three-dimensional
solution to the wave cquation; and secondly, it is assumed that the azimuthal variations of
refractive index will be sufficicntly slow to justify a two-dimeunsicnal approach. The field, &,
and refractive index, n, will in this case be fuactions of (r8) cnly. The wopospheric wave
propagation problem can therefore be viewed in terms of a closcd-domain boundary value

problem, as indicated by figure 1.

MAX. HEIGHT BOUNDARY
—_— T e~

* EoRKHIGN
mﬂﬂ

Figure 1 Tropospheric buundary value problem
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The assumption of arimuthal symmetry means that ( 8/3¢ ¥=0 in Maxwell's equations. For
an clectric dipole, then, only ficld componcnts E, Ee and H¢ will be noa-zero; and for a
magnctic dipole, enly H , Hg and E¢ will exist. In the case of an clectric dipole, Maxwell’s

equations reduce to :-

21 2 0g) S50 1+ iy = 0
—L 13 H, s8) | = e E,

~-r a—,(rH,,) jwe Eg

and combining these three equations to climinate field components E_ and Eg

1,212 1 a1 B o e s0
r { ér(' e a_r(rH¢)] “rde [e sine aemqb sine)] } - v “0H¢ 0 @
2
Expanding (2), using the subscripts r and @ to denote a—;_-’ and a‘—ae respectively, and
dropping the @ subscript from the scalar H‘p:
y oo ZHe H_Heofe Hecote He He Hceotoey  Hea  Hata , 3% -0 (3)
r T r# [ [ c re (] - ric
since
€= t:c'n2
and 2 2
wpE, = k
Equation (3) can be represented in the form
+knzH +-x(VxH¢) 8]

Existing prediction techniques

There exists a large body of literature devoted to the theory of ray tracing and coupled mode
techniques, and so these will receive only a cursory treatment here. Hybrid combinations of
ray tracing and mode mecthods also exist; perbaps the most widely used of these is the
Integrated Refractive Effects Prediction System (IREPS) developed by the Naval Ocean
Systems Centre, San Diego. However, IREPS does not overcome many of the limitations
inherent in ray tracing and mode methods used for ducting applications.

The main purpose of this section is to highlight the deficiencies of such techniques thereby
emphasising ike advantage to be gained through implementation of the alteruative parabolic
cquation method.

UNCLASSIFIED 5
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. 221 Geometrical optics

; The general geometrical theory can be found in a number of works. See, for example,
{Budden, 1961),

Assuming that the refractive index of the inedium # slowly varying in space, then an
approximate solution to the wave equation (1) is sought in the form

& (1) = A(r) e 5 ©)

where A(r) and 3(r) are slowly varying functions of position vector r; the function §,
known as the iconal function, defines surfaces of constant phase. For this solation to
satisfy the reduced wave equation it is nece.ssary that

fUsl® =¢ (1) (6)
and
' A@) 7 S(r) + 28 A(R) = 0 M

hold. The surfaces S(r) =consiant are the wave fronts and so the ray patas along which
the clectromagnetic waves propagate are given by the trajectories orthogonal to these
surfaces (ie | /S * ). Integration of equation 6 (knows as the iconal equation) and of

cquation 7 give ray trajectorics and wave amplitude.

If the atmospheric refractive index can be assumed to be spherically stratificd with
respect to the surface of the earth (it is borizontally homogeneous, varying with altitude
only), then equation (6) is equivalcat to Spell’s law and

n(h) 5in® = § ®

where @ is the angle that a ray makes with the vertical, S is a constant for each ray, and
) h refers to altitude measured from the carth’s surface. The radius of curvature of 2 ray,
P is then given by (Livingston, 1970)

T o o +)

P g e

There are scveral limitations (0 ray tracing techniques. The first of these relates to an
assumption that the fractional change in spacing between neighbouring rays (initially
) parallcl) is small with respect to a wavelength. In a ducting eovironment, where rays
are "trapped” and are strongly refracted or reflected, this requirement will be violated.,

6 UNCLASSIFIED L
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Another limitation of ray tracing techniques involves the identification of ray families.
A ray is assumed to be a typical member of a “family” that consists of a set of rays with
similar initial conditions and which have followed similar paths. In order to calculate
the field at a given point, the contribution of each ray passing through that point must
be determined, and thercfore the ray families must be identified. Errors occur when
rays are incorrectly identified, in which casc their contribution to the total field will be
inaccuratcly calculated.

At caustics (surfaces occurring where adjacent rays from the same family intersect), the
above ray equations will have multipie solutions; and at exdended ranges, as more
caustics are gencrated, ray theory tends to break down completely. Asymptotic
approximations for the vicinity of caustics tend to be complex and to date no simple
method has been developed that would encourage ready implementation of such

approximations.

Frequency does not enter into ray tracing treatments of propagation in ducting
environments and so errors are introduced due to the dependence on frequency in
determining whether a ray will be trapped by a given duct structure, In addition, it is a
requirement of ray theory that the path-length difference between direct and reflected
rays be at least one-quarter wavelength (Fishback, 1951). Ray theory methods are
therefore limited to regions within the radio horizoa.

Ray tracing methods follow very simple geometry and yicld a convenient qualitative
picture of ducting phenomena. However the tendency of ray theory to reflect all or
nothing of the rays from ducting layers is another limitz jon of these techniques, as
appreciable ducting is only indicated when both transmitting and receiving antennas are
within the duct. By ray theory, a wave originating exterior to a duct generally cannot be
trapped within the duct, and there is no allowance for leakage from the duct by trapped
waves, Partial reflection from ducling layers has not yet been adequately addressed.
Similarly latcral changes in refractive index bave been considercd by a small number of
authors although results have beca of a qualitative, rather than quaatitative nature.

Coupied Mode Techaigues

Since ray tracing theory does not accommodate non-standard atmospheres well, in
dealing with ducting environments a full-wave solution to Maxwell's equations is often
sought. The waveguide model for electromagnetic propagation in a tropospheric duct
treats such propagation as being analogous to propagation in a leaky waveguide. For

UNCLASSIFIED 7
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comprehensive treatment of such methods refer to (Booker and Walkinshaw, 1946),
{Kerr, 1951) and (Budden, 1961).

Ie the tropospheric wave problem, as formulated in section 2.1, the surface of the carth
acts as a curved boundary from which electromagnetic waves may be reflected and
around which these waves may be diffracted. If the refractive index, n(h), is assumed to
be spherically stratificd with respect to the surface of a smooth earth, then in terms of
an carth flattcned geometry, carth curvature is included in a modified index of
refraction as defined by

() ~ () + § (10)

where h denotes altitude measured from the earth’s surface, and a is the radius of the
earth, The ficld of a source in a stratificd atmosphere can then be represented by a
sum of leaky waveguide modes. For a dipole source, the ficld will be proportional to

./l_:- sgsne*"s‘ F (B F (b)e ()

(Budden, 1961)

where R is the horizontal range, k is the frec space wavenumber, e represents the

cxcitation of the mode, and F (h), F (h) determinc the attenuation of the mode with

height (normalised to unity at the carth’s surface) for transmitter and receiver

respectively. The terms F(h) can be expressed in terms of the height-gain function
g(h.S): F(h) =g(h,S)/g(0,5); where g(b,S) is the outgoing wave solution of

OS¢ far () 5 1808) = 0 (12

Since § is complex, the term f:x(;o""‘sR in equation (11) determines the attenuation of the
mode with range.

In order to determine the allowed modes it is necessary to apply boundary conditions.
Firstly, the radiation boundary condition requires that waves arc only outgoing. If the
changes in refractivity gradient associated with ducting layers are represented in a
vertical modified refractive index profile by discontinuities in a linear segmented
profile, then this radiation condition puls a constraint on the height-gain function at
heights above the discontinuity of & ducting layer. Sccondly, the boundary condition at
the carth’s surface must be satisfied. This constrains the height-gain function in the
region below a ducting layer. Finally, the beight-gain functions and their derivatives

8 UNCLASSIFIED
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above and below the discontinuities at the boundaries of a ducting layer, are required to
be continuous across those discontinuities. This last boundary condition leads to the
mode equation, the details of which can be found in most papers dealing with coupled
mode theory. The reader is referred to {Craig, 1985) for a useful interpretation of the
roots of the mode equation in terms of the familiar ray theory picture,

Locating the roots of the modal cquation is a complex task and much research has been
channelled towards this, Various numerical solution techniques have been investigated
in respect to this problem but these will not be discussed bere. The reader is referred
to (Rotheram, 1983) for a survey of existing solution methods.

Perhaps the most significant disadvantage associated with modal techniques is the
complexity of solutions. The aumber of modes whick need to be considered for ducting
problems is proportional to frequency and to the thickness of the duct. Modal methods
can therefore become intractable at high frequencics and when complicated duct
profiles are invoived.

Experimental verification of waveguide models bas been largely qualitative.
Undoubtedly this reflects the difficulty of adequatcly monitoring refractivity structures
during experimental studics, but it also indicates some inadequacy of the modal ducting
model. Observational data indicate received fields appreciably stronger than can be
accounted for by the simple homogeneous duct siructures considered in most mode
analyses. A number of authors (see, for example, Barton, 1973} have suggested the
presence of ducting layers that vary with range as a cause of such observed phenomena.
Although thcre have been some zitempts to address problems involving refractive
structures which vary with range as well as with beight (refer to Wait, 1980, for
example), the results have again been qualitative in nature. Computation is also
considerably increased in such approaches over that for the homogencous ducting
problems. Thus most impicmcntations restrict the refractive index to be a simple
analytical function of height alone, and therefore have applicatioa only to range-
independent problems, The most common problem of this type involvas low-level
cvaporation ducts over the ocean. For problems involving surface and elevated ducts,
however, modal models tend not to be applicable.

IREPS

The Integrated Refractive Effects Prediction System (Hitocy and Richter, 1976) has
been used since 1978 by ths United States Iavy aod other organisations to give an

UNCLASSIFIED 9
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operational propagation assessment capability for naval surveillance, communications,
clectronic warfare and weapon guidance systems. It is designed to deal with
evaporative and surface-based ducting, and so does not mode! well the propagation
effects of clevated ducts.

The products IREPS produces are based upon a combination of ray-optics and a
simplified full-wave singie-mode sclution, with semi-empirical formulations based on
measured data and interpolations to smooth transitions between the various models.
Polarisation effects are neglected by TREPS on gver-the-horizon paths which, like the
methods discussed in sections 2.2.1 and 2.2.2, assumes range-indepcndzuce of the
ducting structurcs. An example of a coverage diagram generated by IREPS is included
at figure 2, where the signal coverage for a homogencous duct between 50 mt and 600 m
has been modelled. (The duct modelled here is of identical strength and extent to that
used for figure 8, page 31, in which the parabolic equation method was employed to

generate signal coverage from a gaussian beam antcnna.)

For airborne applications particularly, clevated ducts assume a greater significance in
the prediction of propagated signals. For these ducts it is no longer adequate to assume
horizontal homogencity of the inversion layers. Real-time modal calculations are
prohibitive due to the computational intensity involved in such analysis; whilst the
approach adopted by IREPS of "template matching” - whereby precalculated results are
scaled to the frequency and duct height of interest - would be very difficult to extend for
the case of clevated ducting layers (since the single-mode approximation currently used
for beyond-the-horizon ranges would no longer be valid for these elevated ducts, for
which multi-mode propagation is important). For such rcasons, the approach of the

parabolic equation and split-step Fourier solution becomes very attractive.

IREPT PC-1 02 SOYERGE_BISPiAY
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Figure 2 IREPS coverage diagram for 600 m homogeneous duct
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Parabolic Equation
By making the substitution

Hye0) = B2 ()
as suggested by (Ko ef al, 1984), cquation (3) becomas

2 2 2
tkas col® 3 cold € k“a”  3ixa £, 3,E,,2 _ 3Jeot ® z 2
lks cot® 3 col® € _ k4 3IXaL, Efan | 3,642 - 14)
. - FALATLC N =

r* zrtg r e e r'(l: ) [YS “n'r =0 (14)

The effect of the substitution of cquation (12) is to remove the rapid phase variation of the
field H¢. The & (o* - 1) term in (13) arises from the approximation k¥ a® / f = & since, in
the troposphere, altitude above the carth will be small compared to the radius of the earth, a.
Equation (14) can then be reduced to

u,+2ku + (@ -1+ Z)u=0 (15)

when the following approximations are assumed:-

kaug » ugq (a) 8 > '1%) {©)
k 2
foc ke (b) 5, » (5P (9

and the following carth-flattening substitutions are incorporated:-

zZ=r-a (16)

x % af 17)
2z

6(xz) = n(18) + F (18)

Equation (15) is known as the parabolic equation since it is sccond-order in altitude, z, and
first-order in range, x. The advantage that an equation of this form has over that of equation
(3) is that solutiou to the parabolic equation does not require that the maximum range
boundary be specified. Subscquently, the parabolic equation invites a “marching” solution in
which the equation is solved at initial range x=0 and is then solved for small steps out in range,
using the solution at the previous step as the starting field for the present calculation, In this
way the solution can be calculated out to any range, providing that initial ficld, upper and
surface boundary conditions are satisfied. Such a solution is inherently easier to compute than
one which requires a large number of unknowns with boundary conditions being specified on a
closed domain, as is the casc for the full elliptic wave equation. The tropospheric wave
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propagation problew can now be considered in terms of the open-domain boundary value
problem of figure 3.

The resulting model is concepiually simple, as it applics cqually well at short and long ranges
(in the far field), unlike either ray tracing or modal models. Like ray tracing and coupled
modc analysis, however, the parabolic equation ncglects the backscattered field. This can be
scen with refereace to equation (12) in which only the positive exponential term ¢ i
included. Other restrictions inherent in the parabolic approximation are discussed below,

HEIGHT (Z)}
u(x,zm)
u(o,z) u(x, z)
u(x,0)
RANGE (X)

Figure 3 Parabolic equation boundary vaiue problem

231 Assumptions

The effect of the paraxial approximation can be seen by substituting a trial plane wave
solution into the two-dimensional wave cquation (3,14) and into the parabolic equation
(15) and then comparing the results. 1f the wavenumber components in the x- and z-
directions are denoted are denoted by k_ and k, respectively, then a plane wave solution
to equatioa (14) can be expressed by

u = cxpli (kx + k.2)]

Substituting this into equation (14) gives

-k"u+2ikxku-kl‘u+\‘(m'-1)=0

k =% /1 (1+m? 1) -k}
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Now m® %1 s0 that

k=t /¥ -k
If © now specifies the angle of propagation with respect to borizontal, then this
equation is merely a statement of the trigonometric identity

wsB® =+ J1-s"9
The plane wave solution to the parabolic equation (equation 15) can be expressed in
the form

u = expli {(k, k)% + kz)]
Substituting into cquation (14) gives
A -2k Kk + (' -1) =0
which can be reexpressed as

k7 -2kk+ i (24mt -1) =0

z

Nowm® =1 so K2
z
b=k
which corresponds 1o
cos6 = 1- in;—e

This is a good approximation provided that @ is less than 15-20°. This limitation on
the maximum angle of propagation is acceptable for ducting problems since % is only
the cnergy at small angles to the horizontal (typicaily smaller than 1 degree) that will be
trapped by the duct. Thereforc cnergy at angles greater than a few degrees from
horizontal need not be considered, thereby allowing a saving in computation (rzfer to
section 43 for details).

The second assumption (b) can be rewritten in rectangular coordinates:

Sl< k
€

< W (19)

The term € /€ . can be associated with the radius of curvature of propagated energy
rays resulting from horizontal variations in €. Equation (19) can then be represented
in the form € /e 2 100)/2r. implying that the radius of curvature of propagating
rays must be large with respect to a wavelength. In other words, equation (19) infers
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that horizontal varigtion in € must be reasomably slew. Since €=€ o,
€ /e =o' /vt , which can be approximated by e §x/6a . So for a worst-case
frequency of 30 MHz! and for a typical value of n (say 1.00035), § &% must be smaller
than, or equal to, 0.00629/m, which, in practice, will be satisfied. Thus assumption (b)
is valid for the frequency ranges over which this method is applicable. Similarly,
assumption (d) implics that vertical variations in refractive index must be slow.

Assumption (c), rewritten in rectangular coordinates, becomes

x> 1%,9)' 20)

This implies that the parabolic equation neglects the near-field effects, since equation
(20) is only valid at ranges greater than sixteen wavelengths from the source.

Like ray tracing and coupled mode theory methods, the parabolic equation neglea the
backscattered field. It does however retain all diffraction effects associated with tae
propagating medium and is therefore valid in regions where problems with focusing of
rays and identification of ray families cause ray tracing methods to break down. The
parabolic equation also retains the full coupling between waveguide modes that mode
theory tequires for horizontally inhomogeneous atmospheres.

3 SPLIT STEP FOURIER SOLUTION

To model problems of tropospheric propagation in ducting enviroaments, a solution to cquation (14)
is required for realistic range-dependent refractive index structures. The most tractable algorithm
that has been developed to date, and the one which is the casicst to implement, is the split step
Fourier solution developed in the underwater acoustics arcna by (Hardin and Tappert, 1973), which
uses the computational speed of the Fast Fourier Transform to advance solution over one range step

size, § x.
31 Formulation

Equation (15) can be re-expressed in the form
wd) =i ot @21} + 5] uira)

= i[A(xz) + B(z) | u(x2) @n z

1. At frequencies below VHF, ionospberic effects become increasingly important,
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where
A = o ()1}
and 31

B = "21?az'

If the index of refraction can be assumed to be slowly varying witk: rangc, then the solution of
(21) will then take the form

u(x+dx 2z) =idxexp(A+B)u (22)

provided that the commutator

[ (A + B),I(Ai-B)dx]as()

In general, this will only be true if A(x7) is independent of altitude, z - a restriction which
would render this solution useless for problems involving ducting structures, lastead, this
condition restricts the application of such a solution to cavironments in which A is sufficieatly
slowly varying with respect to altitude that the crror incurred by this assumplion is negligible.

The split step Fourier algorithm involves the assumption that
u(x+8x,7) = clASx iBS x u(x,z) (23
The validity of this assumption requires that
[AB}=0
where [A,B] = AB-BA denotes the commutator of A and B. Again this does not hold, since

AB oA B G Gl

where C, is a linear combination of k-fold commutators of A and &. in particular,

C, = - }1aB}; ¢, = HA[ABI « SiEAB])

! (For discussion of this exponential identity, refer for example, to Steinberg, 1985.)

The evaluation of exp®® ¥ is straight-forward. Since E(2) cowains a second-order differential
operator in z, the term cm‘s "ua(xz) can be evaluated by m=ans of a Fouricr transform
P aperation between the spatial domain, z, and the spatiz’ fieauency variable p (p=k sin ©®,
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where © represents the angle of propagaticn from the horizon):

¢ 5uixz) = f1{ 1% uxa)] )
where oo
_ 1 -ipe
fueat = & [ wsa e e

1 = -
et - | e
So cquation (23) becomes

u(x+8x,2) = 8% f1{ f™ 7 uiea)) )
. eik&x(n’ - 1423/3)f2 fl{ c.a;usx/z fluxa)] } (24)

Equation (24) is obviously an iterative solution, where the ficld at any range can be evaluated
by advancing the solution in small sieps, given an initial field u(0,2) and satisfaction of the
Soundary conditions at the carth’s surface and at some maximum altitude. The solution at
cach range is advanced in two stages: firstly, the field is advanced as if the propagation
medium was homogencous, thus accounting for diffraction cffects alone (this is ihe
contribution of the forward and inverse Fourier transform operations of equation (24)); and
secondly, the effects of the meteorological eavironment are applied to the field (the o* in the
first exponcntial term of cquation (24) accounts for thesc). The vertical refractive index
profilc: required for this tcrm arc usually obtaincd from radiosonde data, or they can be
modclicd analytically. Since cquation (24) is a marching solution, different refractive index
profiles can be eatered into the calculations a1 each range step, thereby facilitaling simple
trcatment of inhomogencous atmospheres. It is important to note that, with this solution
method, complicated refractive structures (varying in both vertical and horizontal directions)
do not requirc any additional computation to that for standard atmospberes. It will be
rccalled that for the other full-wave methods discussed in section 2.2.2, the computational
overhead of the solutions is proportional to the number of modes required to model the
rclevant refractive structures.

The error involved in the assumption of cquation (24) can be obtained by differentiating (25
aad comparing with (21). To third order terms, the error is

2
o Om dmdu mud'm _ udmz, _ 2 iku 8m.2 3 (25
xlikmz=u + mz=o2 + Sy ¢ 5(551°) - (3x)7 5-(nz7)" + Ol(3x)7) (29)

However, this error is dependent on the particular “split” chosen for the exponential terms in
A and B. The regime chosea by (Hardin and Tappert, 1973), for example, assumes

wx+6x)s B2 A BB wxz)

18
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The crror incurred by assusing the operators A and B commute in this way is

The optimal splitting that will minimise solution error is thus a subject for further rescarch.
32 Subility

In this section the requirement of solution stability is investigated. A solution pesturbation
analysis is included in section 5.

The solution formulated in scction 3.1 will be stable if the differeace between the theoretical
and numerical solutions remains bounded as the solution is siepped out in range. From
equation (25) it is cvident that the error will be bounded as long as the refractive index
gradicats remain bounded. Ia otber words, as loag as the refractive index gradients are such
as to accommodate the requirements of the assumplions discussed in section 2.3.1, the solution
will be stable.

4 ASPECTS OF IMPLEMENTATIGN

Thus secticn deals wath implementatioa of the solution of section 3. To date, this solution appears to
be the most computationally efficient mcthod that can be applied to modclling tropospheric
propagation in ducting tonditicns. However other solutions have beea developed for underwater
avoustics applications. The underwater zcoudics problem s very similar to the tropospheric case but
inciudes the complicatioa of a sca-bottom boundary coadition. (Kewlcy ef al, 1984) found that the
interaction of this boundary in shallow water problems readercd the split step Fourier solution
unsuitable for modelling underwater problems of this type. Seweral alteraative solizsons bave been
developed.  For cxample, whereas in the split step Fourier scheme the seconc order partial
differential operator in beight of the parabolic equation is represented by the inverse Fourier
transform of its Foutier transform, in the ordinary differential equation (ODE) approach adopted by
(Lec and Papadakis, 1960), this operator is approximated by a central finite difference operator which
converts the partial differential equation into a system of first order ODEs which arc then solved by
application of a noclinear multistep numerical method. Another solution, proposed by (Lee, Botseas
and Papadakis, 1981), uses the Crank-Nicolson scheme for variable soefficicats 1o solve the parabolic
cquation. These alternate solutions may prove useful for complicated tropospberic problems, but the
increased compuiationsl intensity involved with these, when compired with that of the split step
Fourier solution, is a major disincentive,
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4.1

[he following is a disvussion of the application of initial and boundary conditions to the split step
solution of section 3, and begins with a description of the way in which the surface boundary
condition is incorporated into the present implementation. The specification of the maximum height
boundary is included in scction 4.3, "Signal Processing Aspects®, as the particular implementation of
this condition is a consequence of application of the discrete Fourier transform. At this maximum
beight boundary a pscudo radiation condition is introduced by smooth attenuation of the ficld. Other
aspects of implementation that are introduccd as a by-product of the discrete Fourier transform arc
also included under section 43,

Surface boundary condition

With the assumption that the skin deptl. of electromagnetic radiation within the carth is small
compared to the earth’s radius of curvature, the boundary condition at the surface of a smooth,
finitely corducting earth can be approximated by (Senior, 1960):

L ux0) + ik u(x0) = 0 @)
where
ny=Ju /€ +2) @n
d
Ny=J (€, +a)/n, (28)
el

can be substituied into (26) for vertical and horizontal polarisaticr respectively. In these
expressions € and O are the relauve permittivity and absolute conductivity of the surface
medium respectively, and € | is the free space permittivity. w is the radian frequency of the
propagating clectromagnetic waves, whiic ¢4 _refers 1o the relative permeability of the surface

mcdium, which is often assumed to be unity.

Polarisation of the propagating waves is incorporated in the surfacz boundary condition. From
(27) and (28) it is evident that for a perfectly conducting surface %u(x,O)uO (vertical
polarisation) or u(x,0)=0 (horizontal polarisation), in which case the ficld must be symmetric
or antisymmetric respectively about the surface. The surface boundary condition can
therefore be satisfied using a linear combination of even and odd solutions at cach step, with
the assumption that their complex combination ratio is constant wver a range interval, §x

Errors introduced by this assumption a:¢ ncgligible provided that & x is not too large.

The prescat implementation of equation (24) splits the field into even and odd parts after the

inverse Fourier transform has been cvaluated, applies a combination formula for these parts
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which satisfies (26), then multiplies both parts by the environmental exponential term of (24)
before reconstructing the full field from the even and odd parts, ready to begin solution at the
ucxt range step.

Losses due to irrcgular terrain and sea state conditions can also be incorporated into the
model but these have not been addressed in this report.

Initial starting fleld

Since the tropospberic problem formulated in section 2.1 is an initial value one, it is necessary
to specily the field at range x=0 in order to start the computational procedure. There arc
several ways that the starting field can be generated, the most obvious being to solve the full
wave cquation in a small region containing the source and to extend this out scveral
wavelengths in range from the source to the region where the parabolic equatior becomes
valid (refer to restriction ¢, page 11). If the troposphere can be assumed to be exactly
stratified ncar the source, then this solution can be obtained by separation of variables and
calculation of the normal modes. This is, however, a rather complicated procedure
considering that the encrgy of interest in ducting environments is merely that at small angles of
incidence. Instead, the initial radiated ficld can be calculated with the aid of Fourier shifting
theory.

From antenna theory, the radiated field is proportional to the Fourier transform of the ficld in
the antenna aperture. Antenna pattern shape, height and steered direction can thus be
modclled using the Fouricr shift theorems to produce the starting field for calculations, This
approach has been implemente. in (Dockery, 1988) to specify arbitrary symmetric anteana
patterns.

The approach taken by the author for exampler included in section 7 is to model the starting
field by a Gaussian function which is derived to assymptotically match the elliptic wave
equation Green’s function for a homogencous atmosphere.

It is important to note that the initial ficld must be band-limited. The first reason for this
arises because of the limit on propagation angle imposed by the parabolic approximation
(refer to section 2.3.1 for details). There is however a further constraint imposed by the fast
Fourier transform algorithm, as discussed in section 4.3,
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Signal processing aspects

In order to assist examination of the signal proccssing aspects of the split step solution, it is
uscful to rewrite {24) in terms of dimensionless variables:

w8 D - ol Flag G D + i RID et fepl @)

where

are all measured in wavelengths; and % (x2), B (x2) are the rcal and imaginary
components of the refractive index term that has been redefined in terms of wavelength,

The first issuc of concern is the fact that the solution must satisfy the boundary condition that
the field is attenuated to zerc at infinite height. However, only a finite height can be
accommodated by the discrete Fouricr transform. In order to avoid unnccessarily large FFT
sizes an absorbing layer is applied above the maximum altitude of interest to slowly attenuate
the field, whilst at the same time minimising reflections from this interface.

The absorbing layer implemented in the examples included in scetion 7 was constructed by
applying a simple raised cosine window to the imaginary part of the squarc of the refractive
index term. From the first exponential term of (29) it is cvident that this will cause an
exponential attenuation. The raised cosine function was chosen for its differeatiability, but
other continuous functions can be applied for this purpose.

Another signal processing consideration is choicz of FFT size. In order to avoid aliasing in the
spatial frequency domain (p-spacc), sampling in height, z, should be no coarser than one half
wavelength, For most applications, however, this would require very large transform lengths.
Since only encrgy that is propagated at an angle near to horizontal will be trapped by ducting
layers, it is reasonable to limit the maximum angle of propagation, ©, that is to be considered
by the solution. This restriction on© comresponds to a cut-off in the spatial frequency domain
(p=k sin ©) and so ignores that part of the spectrum which would oherwise contribute to
aliasing. Sampling in the z-direction can now be coarser than the Nyquist half wavelength.
For a specified maximum spatial frequency, p,_, the maximum height sample size, & 2, which
would avoid aliasing is given by (2p mm)'l and the maximum altitude which can be considered
is given (for a Fouricr transform length of N) by Né z/2,
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In the present impiementation of the modei, this low pass filtering of spatial frequency is
achieved by applying a simple raised cosine window to the diffraction exponential term of (29)
before the inversc Fourier transform is taken. This approach has been found by the author to
be satisfactory for refractive structures implemented to date. More claborate filtering may be
found necessary, however, in other cascs.

There is another non-trivial signal processing consideration. It is important to note that the
value of p_,_used to avoid aliasing in the spatial frequency domain should also take into
account the allowable bound in the spatial domain, z. This is to ensure that aliasing does not
result when either the forward or inverse transforms are taken afier multiplication by the
exponcatial terms of (29) in the spatial and spatial frequency domains, The required value of
P sy Wil therefore be slightly less than that derived solely from N and &z as indicated in the
previous paragraph.

5 SOLUTION PERTURBATION ANALYSIS

The purpose of this section is to examinc the consequences of errors im estimating solution
parameters. The cffects of choice of range step sizc, 6 x, and height sample size, § z, have already
been covered in sections 3.2 and 4.3 respectively. These however arc parameters that can be chosen
in order to give the desired accuracy (in the case of §x) or the maximum altitude/ angle of
propagation that is to be considered by the solution (in the case of §2). What is investigated here is
the effect that errors in the "measured” parameters have on solution. By "measured” is meant namely
the refractive index, n, and initial ficld, u(0,z), components; thesc are the inputs to the system.

51  Pertuibations in refractive index

Let the modified rcfractive index term of (24) be perturbed by a complex amount a and let the
corresponding solution at range x+4 x be denoted by v’ e Equation (24) can then be written
for the perturbed and unperturbed cases as

u = eikm‘S xf2 f'l( c-ip‘ 8x/2 f(un) }

a+l

Wy = MBS L S0 fr )
where m*=m -1, Then

Wy, -y, = K@ P S fiuyfu) )

a+l

N (eax(.-'m)ﬁ 2 ka6 112y fl{ it a2 f(u“) }

. @)
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where v,, v, correspond to the terms of this sum. Now
Iyl = eI | PP B fit ) flag )}
where Im( ) denotes the imaginary part of (). So,ﬁndingthcl.zmrmzofvlwilhrespcct(o
the measure dp ,
Jx

“le < c‘t(m.’x“ﬂ(""’a)“"ﬂ ”II’.‘\I.“

Similarly,lheLGormolvzis
TR B 2 € G N UL P VD WTHT:
< klmax(im(m)}}8 1/2 _kg_- @] gl

Now, by applying the triangular inequality to (29),

[ REL Wl - AT AT
< eklmaimm QNS =2 |y g
[ n

+ g Hmax(im(m)})6 /2 “-;-‘ e Huyi (30)

Leve ={u -u il €, =y, v, 1. Then cquatioa (30) is simply a difference equation

of the form

€ " < Ancm+Bu

Recursively expanding this equation shows that

€ S (FiA)o 2, (FA0) +B,,

Now

A S cKimax(im(m )6 x/2 Almax(im@)N6 52 ¢ 4

and

B, = e imax(Im(m)) 16 x/2 !25_1 " e Hugll

2. For discussion of the continuity properties of the Fourier Transform consult (Desocr and
Vidyasagar, 1575).
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Since 1w, 'sboimded,B.willbebomdedfordlx.z. SoforAn<1,€n->0,andforAn=l,it
is required that T ¥ |a (s x2)| <.

This implies that small perturbations in refractive index will tend to zero 2s the solution is
stepped out in range and will not causc the solution to become unstable.

Perturbatioas in initial fleld

It is also important to consider perturbations in the initial Geld since these correspond to
errors in calculation of the antenna field or to inaccuracies in the antenna pattern entered into
calculations.

Rewriting cquation (24)

U,y = oM DB i Extfy )y

a+

b,y | = MmO 1 Exf2 iy gy y |
The l.2 norm is then

lHu,, Il S ©ax im0 Wousz 1y )
Recursively expanding this equation shows that
L C m? x/2
ludl S ¢ = eMme By
and so

lugll S €352 jpu)y

where

q = 7 Im{w* (x2)}

So the solution will be stable if g< 0 and assymptotically stable if q<0. q will only be nositive if
energy is added to the systsm which is not the case for the dissipative naturz of
clectromagnetic waves in the troposphere. Hence perturbations in the initial field will aot
result in instability.
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6 REFRACTIVE VARIATIONS CAUSING DUCTING

Between 3 kHz and 3000 ghz the index of refraction is essentially independent of frequency. This
index, n, is a value very close to unity and another index - radio refractivity, N - is commonly used for
mathematical convenience:

N=(n-1) 10
= TI6 P/T + 3.73x10° ¢ /T (CCIR, 1986)

where P = atmospheric pressure (mb)
T = absolute temperature (K)

¢ = water vapour pressire (mb)

In 'standard’ atmospheric conditions cach of these paramcters (atmospheric pressure, temperaturc
and water vapour pressure) decreases with increasing altitude. However, meteorological conditions
often deviate from this standard atmosphere and an inversion layer of increasing refractivity with
altitude may form. Radio refractivity gradient varies primarily due to variations in temperature and
water vapour coucentration, such variations occurring on time scales ranging from scconds to months,
values of these quantities are usually derived from radiosonde measurements, from which vertical
profiles of refractive modulus, M, can be constructed, M is defined as

M=N+10°h/a

where b is height above the carth’s surface and a denotes the carth’s radius. Refractive modulus
includes both atmospheric refraction and a correction term to account for the cffects of the earth’s

curvature,

Whea the gradient of refractive modulus with respect to height is negative, ducting is present.
Figures 4-6 contain three idealised refractive modulus profiles, cach representing different categorics
of ducting. Figare 4(a) illustrates the presence of an evaporative duct, formed by an inversion layer at
the surface of the earth. The duct extends from the carth surface to the top of the inversion layer, as
indicated. This type of duct is regularly found over warm bodies of water and is generally caused by a
temperature inversion ncar the surface that is accentuated by intense relative humidity as a result of
~vaporation. When this type of duct oocurs over land i is usually referred to as a surface dect. As
tigure 4(b) illustrates, encrgy propagated from within the duct at a few degrees from horizontal will
be trapped. Evaporation ducts are typically less than 10 m thick and surface values of refractive
modulus around the world range between 300-400 M- units.
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Figure 5(a) illustrates a profile in which an clevated duct is preseot. Such profiles contain two
inflection points above the surface, cach with a refractive modulus value greater than that at the
surface. The duct, indicated on the profile by a vertical line, extends froo: the top of the inversion
layer to the height at which the refractive modulus equals that at the upper duet boundary. As
illustrated by figurc 5(b), only encrgy launched into the duct at shallow angles will be trapped.
Elcvated ducts range in thickness from a fcw metres (these tend to affect propagation above
microwave frequencies) up to hundreds of metres (affecting propagation at frequencies above VHF).

Figure 6(a) shows a surface-based clevated duct. The duct is elevated since two inflection points are
present in the profile, but it is surfacc-based since the refractive modulus at the upper inflection point
is less than that at the surface. Energy is trapped by the duct as indicated by the ray paths of figure
6(b).

The ray traces in figures 4-6 give an indication of the bebaviour of encrgy in and around ducts, but do
not indicate the relative strengths of that encrgy. Ducts which iaclude both transmitter and receiver
(terget) will gencrally cahance the received signal, while the duct may act to shield the signal if
transmitter of receiver (target) is situated outside the duct. Since refractive index commonly varies
with range as well as with altitude, quite complex ducting structures are not uncommon, {rom which
complicated field patterns emerge. What would be, at one specific altitude and range, an optimal
location from which to communicate with a specified receiving point, could at a nearby position be
guite shiclded from the receiver. The advantage to be gained by a communications or su-veillance
system opcrator through a reliable propagation prediction technique is thercfore obvious. The
following exampics of caiculated field patteras for various ducling structures serve to illustrate the
complicated nature of the effeets on propagation that ducting can cause,

e

M
)

) (b}

Haight

Figure 4 Ray paths and stylised vertical prolile for evaporative duct
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Haoight

Af
{a) (b}

Figure 5 Ray paths and stylised vertical profile for elevated duct

Heighy

{a) (L]

Figore 6 Ray paths and stylised vertical profile for surface-based elevated duct

7 COVERAGE DIAGRAM EXAMPLES

The split siep Fourier solution to the parabolic wave equation has been implemented by the author

on a personal computer with an in-board fast parallel processing card. The program is written in
FORTRAN and uses a graphics display packzge called HGRAPH to produce coloured coverage
diagrams of relative field strength on a height versus range flattened-carth grid. Execution times arce
directly proportional to the range out to which calculations arc extended, and depend on the FFT
sizes in the solution which are in turn dependent or frequency. As an indication, the examples in this
section for the 1 ghz source took approximately two hours to gencrate for a range of 400 km (FFT
size was 8192 points), while for the 100 MH2 source, plots took approximately twenty minutes oves
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the same range (with FFT sizes of 1024 points). As indicated in scctioa 43, the discretisation size in
altitude (and th-iefore the length of the FFT) is related to the maximum aliowable spatial frequency
in p-space. This maximum spatial frequency directly relates to the maximum angle of propagation
considered by the solution. So if cocrgy at angles that are greater than this maximum is to be
coasidered, then the altitede discretisation size will need to be decreased and therefore larger FFT
sizes will be required. This will obviously increase execution times.

Note that, unlike for other full-wave metbods, execution time is cffectively independent of duct
profile complexity. The qualifying “cffectively” bere is included becanse there may be cases in which
the duct profiics nced various amounts of interpolstion to smooth discontinuitics in the duct
struciures so as to reduce reflections from such irregularities. Such inercases in execution time,
however, will be independent of frequency and FFT kengths.

The examples included in scetion 7.1 all deal with range-independent ducting problems. That is, the
ducting profiles used in these examples are borizontally homogencous (they vary in beight but not in
range). Thesc diagrams illustratc the effects on forward coverage that surface and clevated ducts
cause. In section 72, these examples are extended to include problems that are range-dependent.
Simplc analytical structurcs arc used to illustrate the complicated naturc of the patterns resulting
from such varying ducts.

7.1 Range-independent probiems

Figure 7 represents the coverage of a 1 ghz vertically polarised Gaussian beam source at a
beight of 150 m in a "standard" exponential atmosphers (as defined by CCIR report 563-3,
1986). A perfectly conducting carth surface is assumed and the subscquent interference lobing
is apparent. Figure 8 depicts this same source in a horizontally homogeneous clevated duct.
The duct extends from approximately 50 m to 600 m and is of strength 55 M-units, as
illustraied in the vertical refractive index profile beside the coverage diagram. The energy
trapped by this duct is apparent. With reference to figure 8, it is clear that coverage is
cnhanced for heights below 600 m. Above this altitude, however, coverage is significantly
reduced within 200 km from the source. Al larger ranges, there is some leakage from the
upper boundary of the duct. Note that unlike ray tracing techniques which tend to pass or
reflect all of the energy at a duct interface, this parabolic approach permits partial coergy
reflection.

Another point which is important to note with reference to Aigure 8 is that, as a receiver (or
target) moves through the duct, the received ficld varies as a function of height as well as of
range. This is because of interference between waves which have undergone different
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amounts of refraction/reflection, and also (to adopt ray tracing termimology) because of
focusing effects. This point has beea graphically illustrated in (Slingsby, 1990) where, for a
modelling technique described in this report. The resulting plots of relative returned signal
versus antenna height, and of relative returned signal versus target beight, highlight the
complicated effects that ducts have oa signals and cmphasise the need for an accurate
prediction model. Thus, the knowledge that a duct is preseat is not sufficient to cnable an
operator to determine at which position a transmitter or receiver should be placed in order to

Ia figure 9 the homogencous ducting layer of figure 8 has been reduced in strength. The
vertical refractive index profile for this diagram shows that this action has the effect of raising
the base height of the duct and this is reficcted in the coverage diagram. Because the duct is
weaker, more energy escapes from the duct, as illustrated.
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72  Range-dependent problems

Figurc 10 depicts the coverage for this same 1 GHz source, oaly this time¢ in a nom-
homogeneous range-dependent cnvironment. Study of this coverage diagram in light of the
coverage diagram of figurc 9, provides an indication of the inaccuracy incurred by assuming
horizontal bcmogencity. Both diagrams begin, at range x=0, with an elevated duct of 20 M-
units at 600 n:. Whilst the dnct of figure 9 remains constant for all ranges, the duct of figure 10
bas becn weakened at 2 rate of 3 M-units per 100 km. Now this refractive modulus gradicat is
yory slow; experimental results obtained for elevated ducts over the Timor Sea by (Barton,
1973), for example, indicate gradients of 32 M-units per 100 km. However the differences in
coverage patterns are evideni. With increasing range, much more cnergy begins to escape
from the top of the duct of figure 10, As a result, the signal detected by a receiver placed
350km from the source at an altitude of 800 m, is 20 db stronger for the inhomogeneous
ducting environment of figure 10 than for the case depicted in figurc 9. But, on the other
hand, a receiver 400 km from the source at an altitude of 630 km would detect a sigral
approximately 20 db weaker than would be predicted using the homogencous ducting
environment of figure 9.

The example given above highlights the Fact that metbods which use "typical’ or “interpolated™
vertical refractive index profiles to rcpresent inhomogeneous ducling environmeats are
susceplible to large crrors ip predicted signal coverage. The ability to model two-
dimensionally inhomogencous structures is clearly important. Making the assuraption that a
duct is horizontally uniform can cause significant underestimation of the level of lcakage from
the duct and can lead to ficld strength predictions that are substantially in error. Therefore,
when elevated ducting structures are present, the most aceurate model is the one prescribed in
this report.

8 CONCLUSION
This report demonstrated the application of the parabolic equation method to range-independent and

range-dependent tropospheric propagation modelling problems. The parabolic cquation is an
approximation to thc Helmholtz wave cquation which allows progressive calculation of the

3. This refers either to a vertical refractive index profile derived from measurements made at a single
point along the propagation path or to a profilc that is estimated by averaging profiles at several
points along the path.

4. Commonly, a lincar interpolation between vertical refractive index profiles is used to determine a
representative profile for a particular range. Various authors perform what can appear to be
sumcthing of a 'fudge’ as they apply different methods of interpolation to these profiles in an atiempt
to verify experimental propagation results.
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propagated clectromagnetic ficld as solution is siepped owt in range. The particular solution method
described in this report and implemented at ERL derives from a technique developed by (Hardin and
Tappert, 1973) for application (o underwater acoustics problems. This "split step Fourier’ solutioa
involves the discretisation of the ficld with respect to height and the use of the Fast Fourier transform
at successive range points. The solution is stable, with erroes being dependent on wavenumber, range
step size and on the gradients of refractive index with respect to height and range. It has been shown
in this report that the solution also behaves well for perturbations applied to the initial field and for
small-scale discontinuities in refractive index profiles.

The propagation modelling method presented in this report has a number of advantages over other
methods used to cvaluate the effects of ducting layers on tropospheric propagativa. The parabolic
equation mcthad retains all the diffraction effects associated with the propagating medium and
therefore is valid in those regions wherc ray tracing techniques break down. Unlike ray tracing
methods which give a qualitative picture of the cffects of ducting on coverage, the method presented
in this report uses a full-wave approach to calculate the amplitude function of the propagating signal.
The method differs [rom coupled mode techniques in that it readily accommodates atmospheres
which are horizoatally inhomogeneous. Whereas for coupled mode techniques computational
overhead is proportional to the intricacy of the duct profiles, computational intensity of the technique
described in this report is independent of the duct profilc complexity. By inviting a ’marching’
solution the parabolic equation offers large computational saving over existing coupied mode
techniques.

The examples given in section 7 of coverage diagrams generated with the parabolic equation
technique serve to illustrate the complicated nature of the propagation patterns which arise due to
ducting layers. It is particularly important to note the difference in coverage generated for a source
in a horizontally inbomogeneous ducting atmosphere when compared with that same source in a
homogencous ducting atmosphere. Examples of this type highlight the realistic need for a
mathematical model such as the one described in this report to accuratcly illustrate the cffects that
ducting layers bave ¢n propagation performance.

Whilst simple comparisons between the parabolic equation method and other existing techniques
have been made by the author, verification against experimentally obtained propagation data has ot
yet been achieved. The reason for this is that very lictie experimental data is in existence. The
atmospberic data necessary for the refractive index profiles that arc input into the model is usually
collected via radiosonde releases from the ground or via refractometer measurements from an
aircraft. This can be a very expensive process and to date there exists very little data of this type that
is concurrent with propagation measurcmcnts. This point raises the question of how much practical
usc such a maihemalical model will have givea preseat difficubics in attaining the input data. The
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answer lics in the feasibility of remotely semsing this data by some other means than is currently
cmployed. One possibility is the derivation of these profiles from meteorological satellite data. If
this remote sensing can be achicved then the modclling technique described in 35 seport will allow
cnhanced real-time evaluation of communications, surveillance or clectronic warfare system

performance.
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